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Abstract

Timoshenko beam theory is introduced for modelling the behavior of shaft. Complex variables are used
to represent the displacement, slope, moment and shear force, and the complex transfer matrix between the
variables at both ends of the shaft element is derived and the influence coefficients are analytically derived
for the general flexible rotor having two resilient bearings at both ends. Modelling and derivation of the
influence coefficients are based on the transfer matrix method. Simulated influence coefficients are
compared to the results using the finite element method based on Timoshenko beam theory. Simulation of
the influence coefficients could suggest the guideline for determining the positions of the balancing and
measuring planes and the running speed.
© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

According to which analysis tool is used, a beam theory is limitedly adopted. In modelling a
thick shaft for rotor analysis Timoshenko beam theory is commonly introduced when using the
finite element method. Because of the feature of the method, however, the calculated results have
some error [1]. On the other hand, the transfer matrix method is a technique giving the
continuities (at the stations) to the parameters satisfying the equations of motion. Thus if a proper
theory, that is, the Timoshenko beam theory, is adopted, the exact results such as the exact
natural frequencies and the corresponding modes, which are continuous, are likely to be obtained.

Jun and Kim [1] have derived the analytic expression for the elastodynamic behavior of a
rotating thick shaft, and developed a method analyzing the natural vibrations for multi-step
rotating shaft. In that method, the analytic expression for a uniform shaft is considered to satisfy
the continuity conditions at the boundary where the cross-section changes. The method, however,
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has limitation in application to the model having disks. Based on the analytic expression of the
method, the author of this paper derives the transfer matrix between both the ends of a uniform
shaft to extend the application to the model having disks. Using the transfer matrix help us also to
expand the idea to the forced response analyses on rotors.

Influence coefficient is a transfer function on rotor, which is one of the tools used in rotor
balancing [2—4]. Influence coefficients are generally obtained by attaching trial masses on the
balancing planes of a rotor and by measuring the corresponding responses. They are also
calculated from the finite element method. In this study, the influence coefficients are analytically
derived for the general flexible rotor. Modelling and derivation of the influence coefficients are
based on the transfer matrix method.

2. Transfer matrix
2.1. Equation of motion

The elastodynamic behavior of a thick uniform shaft is described by considering the rotary
inertia and shear deformation of the cross-section. Especially for rotating shaft, the gyroscopic

effect due to the rotation is also considered. Including the torque in a power-transmitting shaft,
and introducing the complex displacement

u(x, 1) = y(x, 1) + jz(x, 1), (1)

the equation of motion of the rotating shaft is written as follows [5]:

Pu Elp i Fu Tpdu P
oxt kG ox2or ox3 Gaxer TP o
o*u p *u\ . du p du
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where x is the axial co-ordinate and y and z are the displacements in the horizontal and vertical
directions, respectively. T is the torque on each end of the shaft, and E, G and p are Young’s
modulus, shear modulus and mass density, respectively. A and I are the area and area moment of
inertia of the cross-section, ry is the radius of gyration, k is the inverse of the generally used form
factor, and € is the rotating speed.

The harmonic motion of natural frequency w can be separated in the variable u(x, t) as

u(x, 1) = U(x)el™. (3)
Substituting Eq. (3) into Eq. (2) results in the following equation:

dv duv du du
dX4 +Cldx3 +bdx2+Ca+dU—0, (4)
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Using the four roots of the polynomial [1,6], the solution of Eq. (4) is expressed as
U :ple/l]x _i_pzelz’c +p3elzx _‘_p4el4x‘ (6)

Eq. (6) means that the elastodynamic behavior of the rotating shaft is dependent on A’s, which
are determined by several parameters, such as rotating speed (2, natural frequency w, and
geometric and material properties of the shaft. The coefficients pi, ps, p3, ps of Eq. (6) are also
complex values defined in a uniform shaft segment[1].

2.2. Complex state variable

Figs. 1 and 2 show the state variables on ith element in X —Z and X —Y planes, respectively.
Introducing the complex quantities yields the complex state variables as follows:

U=Y +]z,
ai - ¢l +j9f;
M;=M.;+iM,;,
Vi = Vy,i +sz,i- (7)
The slope o, moment M and shear force V" have the following relations [5]:
dU
o =—
dx’
(63'¢
O

V/

Fig. 1. State variables of ith element in X-Z plane.
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Fig. 2. State variables of ith element in X-Y plane.
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2.3. Transfer matrix of shaft element

The state variables at x = 0, i.e., at the left-hand side of shaft element, are expressed from
Egs. (6) and (8) as follows:

Uo = p1 + p2 + p3 + pa,
oo = A1p1 + Aap2 + A3p3 + Aapa,
My = gip1 + g2p2 + g3p3 + gapa,
Vo = hipy + hapa + h3ps + haps, ©))
where
g1 = EL/ —iTA\, g = EI}3 —jT)a,
g3 = EL)3 —jTh;, gsa= ELj —jTla,
hi = EL)3 + pAri(o® — 20Q)A —jTA,
hy = EL)3 + pAri(o® — 20Q)2, — jT A3,
hy = EL)3 + pAri(o® — 20Q)A; — jTA3,
hy = ELL + pAri(o® — 20Q)4 —jT;. (10)

Expressing the coefficients p1, p», p3, p4 in terms of Uy, oy, My, Vy from Eq. (9) and substituting
them into the expressions of Uj, o, M;, V; at x = [, the relation between state vectors of each side
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of shaft element having length / is written as follows:
U, ay app di A Uy
o | _1]an axn a3 ax %o (11)
M, Alay an asz axy M |’
Vi g1 A A3 Ay Vo
where
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1 1 1 1 hiehl hpe2l hyest pye!
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hl elll hzeizl h3ez31 h4e)~4l

Eq. (11) is rewritten using the vectors and matrix in a simple form
(st = FLAsH (12)

where [F]; is the transfer matrix of the ith shaft element. {s} is the complex state vector, subscript i
of the state vector is the node number, and superscript L and R denote the left- and right-hand
sides of the node, respectively. The state vectors are shown below in detail

L R
Uit Ui
L Git1 R o
{ }H—l Mi+1 { }1 Ml ( )
Vit Vi

2.4. Transfer matrix at station

2.4.1. Unbalance effect

Fig. 3 shows node i viewed in Y —Z plane. The unbalance is defined as m;e; and makes an angle
B; in Y — Z co-ordinates fixed on the rotor.

Considering the damping force, which is assumed to be proportional to the velocity of the disk
center, and the synchronous circular whirl (o = Q), and introducing the complex variable yields

VR =VE 4 mo? Ul.(L) —jew Ul-(L) + me; QeI HhD) (14)

2.4.2. Gyroscopic effect

Fig. 4 shows a disk under precession. In the figure, 6 and ¢ denote the rotation angles along the
Y- and Z-axis, respectively. The spin speed Q corresponds to the whirl speed in the case of
synchronous whirl. The gyroscopic effect of a disk is included.
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Fig. 4. Disk under precession.

For the synchronous circular whirl (v = Q), the moment equilibrium equation becomes
MR = MF + (0QJ, — &*J))ak, (15)

where J, and J; stand for the polar and the transverse mass moment of inertia of disk,

respectively.
Considering the unbalance and moment effects (including gyroscopic effect) at the disk, the
following relation is represented between the both sides of node i:

U~ 1 0 0 07 /UN\"
o 0 1 0 0 0#
M| 0 (@QJ, —a?J) 1 0| M
Vi m,-a)z—jcw 0 0 1 V;
0
0
+ 0 : (16)

m,-e,-Q2ej(Q’+ﬁf)

2.5. Transfer matrix of resilient support at ends

Bearing support has resilient property. The bearings in this study are assumed to have the
equivalent, direct components, kyy = kzz, only (kyz = kzy = 0).
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L IR
1 th; node

o

Fig. 5. Resilient support at left end.

L IR
N tt} node

Fig. 6. Resilient support at right end.

Resilient support at left end (Fig. 5)
VR = kUL,
where Ul = UR.
Resilient support at right end
0=Vy— kU,
where UL = UR (Fig. 6).

3. Influence coefficient
3.1. Response at measuring point of simple rotor

A simple rotor to calculate the response using the transfer matrixes derived above is shown in
Fig. 7. The rotor is mounted on the resilient bearings at nodes 1 and 6. Node numbers 2 and 5 are
the measuring planes, 3 and 4 are the balancing planes positioned at both sides of rigid cylinder.
The state vectors of the model have the following relations:

(R =F2O (=P, (R =S+
L =R D =800+ U
I =FR00 Lo =F°{ 1, (17)
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(M.P. : Measuring plane)
(B.P. : Balancing plane)

Fig. 7. Rotor model.

where S’ is the transfer matrix between the left- and right-hand sides of balancing plane i, which
has form of 4 x4 matrix of the right-hand side of Eq.(16). The vector { }, indicates the
unbalance, which has the fourth element only, on the balancing plane as shown in Eq. (16). { }lM
is the state vector on the measuring plane at node i. 7 is the transfer matrix between nodes i and j
which are each side of the flexible shaft element.

The matrix R is the transfer matrix for the massless rigid cylinder, of which mass and
moments of inertia are separated into planes 3 and 4 where two disks are assumed. The cylinder
can be considered as a mass-distributed thick element. The transfer matrix R* is replaced by F3*,
and the transfer matrixes S3 and S* are replaced by unit matrix as follows:

0 0 0

S O O =

1 0
0 1
0 0

- o O

Seven expressions in Eq. (17) are integrated to one equation as follows:
(1L = S GARMH SR FI2( R
FFSORASSARME v 4 FO RSy, (18)
Simplifying this equation using symbols, we have
Ll =T+ 07 1+ 07 e (19)

In Eq. (19), T denotes the transfer matrix between the each end of the entire rotor system, and
037 % and Q* ° are the transfer matrixes of the balancing planes at node 3 and node 4 to the right-
hand side end of rotor, respectively.

Considering the boundary conditions at nodes 1 and 6, the state vectors at nodes are written as

U1 U6
o e
{1F = and { }§ = 0

—k] U] k6 U6
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From four algebra equations of motion (19), the slope and the shear force at node 1 are
expressed as follows:

‘ —(q35%ke — 434 %) (t12ke — ta)

—q35 I3
Uk — 34 (maes Q@)
(tinke — tiskike — tar + taaky) (ti2ke — t42)
(t31 — taaky) t3
—(q14 %6 — qix®)  (tinke — 142)
—q3,® 13
34 3 (maes o2 ej(9t+/}4))
(tike — tiskiks — tar + tasky)  (tinke — ta2)
(131 — t34k1) 132
= ¥ (m3e3 QP 1 eV (mye, Q2 @), (20)

(tike — tiakike — a1 + taskr)  —(q3;%ke — 31 ©)

(131 — t34k1) —q3; :
o(f = 34 (M3€3Q261(Q[+ﬂ3))
(tike — tiakike — tar + taaky)  (tinke — ta2)
(t31 — t34k1) 132

(t11ke — tiskiks — tar + tasky)  —(q; ke — ¢33 ®)

_ 46

(tinke — tiakike — ta1 + tasky)  (tike — ta2)
(131 — tas4ky) 132
= A(m3e3 Q2P 1 H(mye QP XTEY), (21)

where ¢;~¢ and 7; denote the (i, ) element of Q°~® and T matrices, respectively.
Since the state vector at node 2 is { } é” = F12{ }f, where

U
o
0 )
—kl U1
the response at the measuring plane of node 2 is
Us = (A7 —fifh)ed + 15 ¢33 mes e @)
(A = kDY + 15 maes Q@ 1Y), (22)
In a similar manner, the response at the measuring plane of node 5 is expressed as
Us = {(411° — 413 ket +415°¢5 + q1;*} mye; @)
1@ = qiak0ed + 4176 + gl mae Q7). (23)

{ 1=
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The responses at the measuring planes are expressed in a closed form in terms of the unbalances
at the balancing planes as shown in Egs. (22) and (23).

3.2. Generalization of influence coefficient

Fig. 8 shows a general rotor having N nodes with two resilient bearings at both ends. Using
relations derived from a simple rotor, the equation of the entire system is written as follows:

e R I e L B - e (24)

where superscripts and subscripts B1, B2, ..., Bi denote the node number of balancing planes.
Considering the boundary conditions for the resilient bearings of stiffness k; and kg at nodes 1
and N, respectively, we obtain

—(qP "k — q3Y)  (tikr — ta2)
Bi— N

—-q I3 .
UR = a (mpie Qe Pa))
NoBi) | (Tiikr — tiakrkr — ta1 + taskr)  (tinkr — 112)
(t31 — taaky) t3
= ) chmpep QPO iw), (25)
No.(Bi)
(tukr — tiskpkg — ta1 + taskr)  —(g% Nkr — g5 )
(131 — t3ak1) —q5 .
ot = = (mpep Qe Ha))
No.(Bi) (ti1kr — tiakp kg — tar + taskr)  (tiokr — ta)
(31 — 13ak1) 13
= > GmpesQ O, (26)
No.(Bi)

The state vector at the measuring plane of node number Mi is expressed as follows:

=0+ Y 0F My, 27)
No.(Bi)
The summation on the right-hand side of Eq. (27) is effective for the unbalance (or balancing)
planes only having the node number smaller than the node number of the measuring plane, i.e.,
for Bi< Mi.

1 2 3 4 5 6 7 8 N
v A 4
[ X J |
A A
M .P. M .P. M.P(Mi)
B.P. B.P. B.P.B.P.(Bi)

Fig. 8. General rotor model.
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The displacement Uy, at the measuring plane is extracted from Eq. (27) as follows:

Ui = Y i ™ = qia kel + i e + qfy M Honpien @2 (28)
No.(Bi)

The displacement at the measuring plane is calculated using Eq. (28). The terms
{(gi7™ = gis Mkp)el + qis Mich, + qF M} in the right-hand side of the equation are the
influence coefficients, which indicate the relation between the displacement at Mi plane and the
unbalance at Bi plane. The term ¢% ™ in Eq. (28) is effective only when Bi< Mi.

4. Simulation

A simplified model is used for calculating the influence coefficients. It has a thick cylinder at
mid-span as shown in Fig. 9. The diameters of the left- and right-hand side shafts are 5 and 3 cm,
respectively, the length of both shafts is 30 cm. Both the diameter and thickness of the thick
cylinder are 10cm. The rotor is mounted on the resilient bearings at each end.

The elasticity and density of the rotor material are given as 2.12 x 10° kg, /cm2 and
0.0078 kg/ cm’, respectively. In the analysis the cylinder element at mid-span is considered as a
flexible shaft element having the balancing planes at its ends. The stiffness of the bearings is
1.0 x 10" N/m.

Expressing the responses at the measuring planes 2 and 5 in terms of the unbalances at nodes 3

and 4, we have
U, oy ooy | [ Mize3QPel@Hh) 29)
Us ) |oss osa | \ mges @@ )

The influence coefficients oys3, o4, as3 and as4 are calculated using Eq. (28) and shown in
Figs. 10-13. The dotted lines indicate the calculations using the finite element method based on
Timoshenko beam theory. The influence coefficients obtained by using the method of this research
and those obtained using the finite element method show the same trend, though they give the
different values in detail. The first four critical speeds are 608.7, 4550.3, 7952.6 and 17 707.4 rad/s
when using the present analysis model, and 608.9, 4597.3, 8118.6 and 19 343.1rad/s when using
the finite element method, respectively. The finite element method gives higher values in critical
speed calculations. The phenomena have already been shown in the calculation of natural

frequencies for the given rotating speeds: the discrepancy appears more significantly for higher
modes [1].

L :. 15cm 15cm 10cm 15 cm 15cm
D:5cm 5cm 10cm 3cm 3cm
M .P. B.P. B.P. M.P.

Fig. 9. Simulation model.
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Fig. 12. Influence coefficient as3 (solid line: using the transfer matrix method, dotted line: using the finite element
method).

10° . . . . .
Py
b=
=
=
o
[
£
10" i | i 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 16 1.8 2
speed (rad/s) x10*
200 T T T T T
_ 150 : |- —
o H : H
o
o
@
T 100
2
2 : !
[ <71 ) S5 SPRUUUIE SOOI SN S SO SO e A 4
0 1 1 H 1 | | H
0 0.2 0.4 0.6 0.8 1 1.2 1.4 16 1.8 2
speed (rad/s) x10°

Fig. 13. Influence coefficient as4 (solid line: using the transfer matrix method, dotted line: using the finite element
method).
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The damping is not considered for this calculation because it is included when modelling the
disk element and this example does not use the disk element.

It is worth while to note that the anti-resonant frequencies exist between the first and second
critical speeds on the influence coefficients, a3 and os4. This is because the first and second modes
interfere destructively at the frequency. The measuring (output) planes are on the same side with
the balancing (input) planes. This shows the trend similar to that the driving-point frequency—
response function has an anti-resonance between the first and second resonant frequencies [7]. The
anti-resonant frequencies on oy3 and as4, however, are different from each other because of the
different measurement position. On the other hand, the anti-resonant frequency between the two
critical speeds does not exist on the influence coefficients, o4 and ws;3.

Similar phenomena due to mode interference are also shown at other frequency ranges. The
mass attached on that plane near the anti-resonant frequencies has little effect on the response at
the plane. The influence coefficients is too insensitive to use for balancing in such frequency
ranges.

Fig. 14 reveals that the third critical speed peak does not appear clearly in the influence
coefficients o3 and as3 of Figs. 10 and 12. The position of balancing plane at node 3 of the
analysis model coincides with a nodal point of the third bending mode, thus the mass at the
position does little affect the responses.

Fig. 15 shows the influence coefficients o3 for the various bearing stiffnesses. The solid line and
dash—dot line are shown like a single line in the figure. This shows that the high stiffness bearing
does not change significantly the vibration characteristics. The low stiffness models are introduced
to simulate the foil and journal bearings: 1 x 10® N/m for the foil bearing and 1 x 10® N/m for
the journal bearing.

1st mode

2nd mode

3rd mode

4th mode
o
T

0 10 20 30 40 50 60 70
Shaft length (cm)

Fig. 14. First four bending vibration modes.
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Fig. 15. Influence coefficient ay4 for various spring stiffness (dashed: 1 x 10® N/m, dotted: 1 x 103 N/m, solid:
1 x 10! N/m and dash-dot: 1 x 10'2 N/m).

5. Conclusions

Complex transfer matrix relating the variables at each end of the elastodynamic shaft element
has been derived. The rotary inertia, shear deformation and gyroscopic effects are considered in
modelling.

Influence coefficient has analytically been derived for the general flexible rotor having two
resilient bearings at both ends. Given are specifications such as material properties, dimensions of
rotor, bearing stiffness and the information of positions of the balancing planes and measuring
points, the magnitude and phase of the influence coefficients became to be predictable.

Simulations using the proposed method have been compared to the results using the finite
element method. They showed very similar trends. Since the present method has straightforwardly
been derived from the equation of motion and been expressed in the closed and general form, the
exact estimations are expected.

The calculation results show that for the given measuring and balancing planes, some attention
shall be given when the rotation speed is chosen. Correction mass does not affect on the balancing
procedure near the anti-resonant frequency region because of the insensitiveness of the influence
coefficient. Prediction of influence coefficients is recommended, if available.
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